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FIGURE 1

In this section we define an integral that is similar to a single integral except that instead
of integrating over an interval [a, b], we integrate over a curve C. Such integrals are called
line integrals, although “curve integrals” would be better terminology. They were invented
in the early 19th century to solve problems involving fluid flow, forces, electricity, and
magnetism.

We start with a plane curve C given by the parametric equations

(1] X = x(t) y = y(t) asts<b

or, equivalently, by the vector equation r(t) = x(t) i + y(t) j, and we assume that C is a
smooth curve. [This means that r’ is continuous and r'(t) # 0. See Section 13.3.] If we
divide the parameter interval [a, b] into n subintervals [ti—;, t;] of equal width and we let
xi = X(ti) and y; = y(ti), then the corresponding points P;(x;, yi) divide C into n subarcs
with lengths As;, As,, ..., As,. (See Figure 1.) We choose any point Pi*(xi*, yi*) in the ith
subarc. (This corresponds to a point t* in [ti_y, t;].) Now if f is any function of two vari-
ables whose domain includes the curve C, we evaluate f at the point (x{*, yi¥), multiply by
the length As; of the subarc, and form the sum

> f(x*, y¥) Asi
=1

which is similar to a Riemann sum. Then we take the limit of these sums and make the fol-
lowing definition by analogy with a single integral.

(2] Definition If f is defined on a smooth curve C given by Equations 1, then the
line integral of f along C is

[ Ty ds = lim 3 0, y2) As
== j=1

if this limit exists.

In Section 10.2 we found that the length of C is

b dx \? dy \?
L= — + (=) dt
IVE) (%)
A similar type of argument can be used to show that if f is a continuous function, then the

limit in Definition 2 always exists and the following formula can be used to evaluate the
line integral:

5 e Do B3

The value of the line integral does not depend on the parametrization of the curve, pro-
vided that the curve is traversed exactly once as t increases from a to b.
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The arc length function s is discussed in

Section 13.3.

FIGURE 2
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FIGURE 4
A piecewise-smooth curve

If s(t) is the length of C between r(a) and r(t), then

ds dx \2 dy \?

_— = _ + —_—

dt dt dt
So the way to remember Formula 3 is to express everything in terms of the parameter t:
Use the parametric equations to express x and y in terms of t and write ds as

dx \2 dy \?
= _— + —_
s (5« (5) o
In the special case where C is the line segment that joins (a, 0) to (b, 0), using x as the

parameter, we can write the parametric equations of C as follows: x =x, y =0,
a < x < h. Formula 3 then becomes

fc f(x,y)ds = Lb f(x, 0) dx

and so the line integral reduces to an ordinary single integral in this case.

Just as for an ordinary single integral, we can interpret the line integral of a positive
function as an area. In fact, if f(x,y) = 0, J’C f(x, y) ds represents the area of one side of
the “fence” or “curtain” in Figure 2, whose base is C and whose height above the point

(X, y)is f(x,y).

[E7ZEN Evaluate | (2 + x?y) ds, where C is the upper half of the unit circle
X2+ y2=1,

SOLUTION In order to use Formula 3, we first need parametric equations to represent C.
Recall that the unit circle can be parametrized by means of the equations

X = cos t y=sint

and the upper half of the circle is described by the parameter interval 0 < t < .
(See Figure 3.) Therefore Formula 3 gives

- . dx \? dy \?
2 — 2
fc(2+xy)ds—fo (2+cost5|nt)\/(dt> +<dt> dt

= [7(2 + cost sin VNPT T G057

- cos’t |”
= fo (2 + cos’t sin t) dt = [Zt -3 ]
0

=27+ 3 —

Suppose now that C is a piecewise-smooth curve; that is, C is a union of a finite num-
ber of smooth curves Cy, C,, ..., Cy, Where, as illustrated in Figure 4, the initial point of
Ci+1 is the terminal point of C;. Then we define the integral of f along C as the sum of the
integrals of f along each of the smooth pieces of C:

L f(x,y)ds = Ll f(x,y)ds + LZ f(x,y)ds + --- + fcnf(x, y) ds
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[E70I# Evaluate | 2x ds, where C consists of the arc C, of the parabolay = x*
from (0, 0) to (1, 1) followed by the vertical line segment C, from (1, 1) to (1, 2).

SOLUTION The curve C is shown in Figure 5. C; is the graph of a function of x, so we can
choose x as the parameter and the equations for C; become

Therefore

o dx \? dy \> = 1 >
Lleds—j0 2x\/<&> + <&> dx—f0 2X+/1 + 4x2 dx
5/5 — 1

6

=i+ axepfy =

On C, we choose y as the parameter, so the equations of C, are

2 dx \? dy \? 2
and Lz 2x ds = L 2(1) \/<W> + <W> dy = L 2dy =2

Thus f2xds=f 2xds+f 2xds=£+2 [
C C, C, 6

Any physical interpretation of a line integral |_ f(x, y) ds depends on the physical inter-
pretation of the function f. Suppose that p(x, y) represents the linear density at a point
(x, y) of a thin wire shaped like a curve C. Then the mass of the part of the wire from P;_;
to P; in Figure 1 is approximately p(x{, yi¥) As; and so the total mass of the wire is approx-
imately > p(xi*, yi) As;. By taking more and more points on the curve, we obtain the mass
m of the wire as the limiting value of these approximations:

m=lim 3 p(x, y) Asi = |_p(x,y) ds

== j=1

[For example, if f(x,y) = 2 + x?y represents the density of a semicircular wire, then the
integral in Example 1 would represent the mass of the wire.] The center of mass of the
wire with density function p is located at the point (X, ¥), where

_ 1 _ 1
4] X="| xptxy)ds  §=-"-| yp(xy)ds
Other physical interpretations of line integrals will be discussed later in this chapter.

1 IETTETE] A wire takes the shape of the semicircle x2 + y> =1,y = 0, and is
thicker near its base than near the top. Find the center of mass of the wire if the linear
density at any point is proportional to its distance from the liney = 1.

SOLUTION As in Example 1 we use the parametrization x = cost,y = sint,0 < t < 7,
and find that ds = dt. The linear density is

p(x,y) =kl —y)
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where Kk is a constant, and so the mass of the wire is
m = fck(l —y)ds = JO k(1 —sint)dt = k[t + cost]O =k(m — 2)
From Equations 4 we have

_ 1 1
YZFLYP(X,Y)dSZWnyk(l —y)ds

1 - 1 -
= sint — sin?t) dt = ———— | —cost — it + % sin 2t
y [ yat=——— i+ sin 2,
er of 4 — 7
center o -
1 mass 2(m—2)

/ >\ By symmetry we see that X = 0, so the center of mass is

FIGURE 6

0 X 4 - T .
1 <O, m) = (0, 038)

See Figure 6. [ |

Two other line integrals are obtained by replacing As; by either Axj = X; — Xj—; or
Ayi = yi — yi—1 in Definition 2. They are called the line integrals of f along C with respect

tox andy:
5] [ o0y dx = lim 3£k, y2) Ax
N—=>%j=1
(6] J Fox ) dy = lim 3 10, y7) Ay

When we want to distinguish the original line integral | f(x, y) ds from those in Equa-
tions 5 and 6, we call it the line integral with respect to arc length.

The following formulas say that line integrals with respect to x and y can also be
evaluated by expressing everything in terms of t: x = x(t), y = y(t), dx = x(t) dt,
dy = y'(t) dt.

jc f(x, y) dx = Lbf(x(t), y (D) X'(0) dt

[ foeyydy = [P 1(x(0, y0) y'o) ot

It frequently happens that line integrals with respect to x and y occur together. When
this happens, it’s customary to abbreviate by writing

[ POcy) dx+ [ QOuy)dy = [ POGY) dx + QEx y) dy

When we are setting up a line integral, sometimes the most difficult thing is to think of
a parametric representation for a curve whose geometric description is given. In particular,
we often need to parametrize a line segment, so it’s useful to remember that a vector rep-
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resentation of the line segment that starts at r, and ends at r; is given by

r)=@1—-tro+trp, 0<t<1

(See Equation 12.5.4.)

¥ V| Evaluate |_y®dx + x dy, where (a) C = Cj is the line segment from
(=5, —3)to (0, 2) and (b) C = C, is the arc of the parabola x = 4 — y? from (-5, —3)
0.2) to (0, 2). (See Figure 7.)

C &
! SOLUTION
0 / x (a) A parametric representation for the line segment is
x=4-y x=5t—5 y=5t—-3 O0<t<1

(Use Equation 8 with r = (=5, —3) and r; = (0, 2).) Then dx = 5 dt, dy = 5 dt, and
Formulas 7 give

FIGURE 7
fc y2dx + x dy = f: (5t — 345 dt) + (5t — 5)(5 dt)

-5 fol (25t% — 25t + 4) dt

25t 25t2 ! 5
_ 5[ st 4t] _.5
. 6

3 2

(b) Since the parabola is given as a function of y, let’s take y as the parameter and write
C;as

x=4-y> y=y -3sys2

Then dx = —2y dy and by Formulas 7 we have
[_yax +xdy = 7 y2(-2y)dy + (4 — y*)dy
= [ (~2y* = y* + @ dy

[ y©ye ]2 :
XY | =408 —
2 3 L °

Notice that we got different answers in parts (a) and (b) of Example 4 even though the
two curves had the same endpoints. Thus, in general, the value of a line integral depends
not just on the endpoints of the curve but also on the path. (But see Section 16.3 for con-
ditions under which the integral is independent of the path.)

Notice also that the answers in Example 4 depend on the direction, or orientation, of the
curve. If —C; denotes the line segment from (0, 2) to (=5, —3), you can verify, using the
parametrization

x = —bt y=2— b5t Ost=<1

that fﬁc y2dx + xdy =2
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S

FIGURE 8

In general, a given parametrization x = x(t), y = y(t), a < t < b, determines an orien-
tation of a curve C, with the positive direction corresponding to increasing values of the
parameter t. (See Figure 8, where the initial point A corresponds to the parameter value a
and the terminal point B correspondstot = b.)

If —C denotes the curve consisting of the same points as C but with the opposite ori-
entation (from initial point B to terminal point A in Figure 8), then we have

fﬁc f(x,y) dx = —L f(x,y) dx LC f(x,y)dy = —L f(x,y) dy

But if we integrate with respect to arc length, the value of the line integral does not change
when we reverse the orientation of the curve:

j_c f(x,y)ds = L f(x,y)ds

This is because As; is always positive, whereas Ax; and Ay; change sign when we reverse
the orientation of C.

N Line Integrals in Space
We now suppose that C is a smooth space curve given by the parametric equations

x = X(t) y =y z=z(t) astsb

or by a vector equation r(t) = x(t) i + y(t) j + z(t) k. If f is a function of three variables
that is continuous on some region containing C, then we define the line integral of f
along C (with respect to arc length) in a manner similar to that for plane curves:

fc f(x,y,z)ds = lim X, f(xF, y&* z%) As;
== j=1

We evaluate it using a formula similar to Formula 3:

ST N C R

Observe that the integrals in both Formulas 3 and 9 can be written in the more compact
vector notation

[Pt ro] d

For the special case f(x,y, z) = 1, we get

[Lds=["Irmld =1

where L is the length of the curve C (see Formula 13.3.3).
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FIGURE 9

FIGURE 10
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Line integrals along C with respect to x, y, and z can also be defined. For example,
[ t06y, 2 dz = lim i:ilf(x;*, Y, 2 Az
= L" F(x(0), (1), () 2'(t) dit
Therefore, as with line integrals in the plane, we evaluate integrals of the form
L P(x,y,z)dx + Q(x,y,z) dy + R(X, Y, z) dz

by expressing everything (x, y, z, dx, dy, dz) in terms of the parameter t.

I 0TI Evaluate |y sin z ds, where C is the circular helix given by the equa-
tionsx =cost,y =sint,z=1,0 < t < 2. (See Figure 9.)

SOLUTION Formula 9 gives

. o, . dx \? dy \? dz \?
Lysmzds—J0 (smt)smt\/(dt> +<dt) +(dt) dt

= f;v sin?t/sin?t + cos?t + 1dt = \/ff;”%(l — ¢os 2t) dt

=§[t—;sin2t]§ﬂ=\/§rr [

[ETYEEA Evaluate |y dx + zdy + x dz, where C consists of the line segment C,
from (2, 0, 0) to (3, 4, 5), followed by the vertical line segment C, from (3, 4, 5) to
(31 4! 0)'

SOLUTION The curve C is shown in Figure 10. Using Equation 8, we write C; as
rit) = (1 — )¢2,0,0) + t(3,4,5) = (2 + t, 4t, 5t)
or, in parametric form, as
Xx=2+t y = 4t z =5t 0st=<1
Thus
Llydx +zdy + xdz = jol (40) dt + (504 dt + (2 + D)5 dt

1
t2
= jol (10 + 29t) dt = 10t + 29 ?] — 245

0
Likewise, C, can be written in the form

rit) = (1 —1(3,4,5) +1(3,4,0) = (3,4,5 — 5t)

or x=3 y=4 z=5—"5t 0st=<1
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FIGURE 11

Then dx = 0 = dy, so
j ydx + zdy + xdz = jls(—s)dt= -
C, 0

Adding the values of these integrals, we obtain

jcydx+zdy+xdz=24.5—15=9.5 -

I Line Integrals of Vector Fields

Recall from Section 6.4 that the work done by a variable force f(x) in moving a particle
from a to b along the x-axis is W = | f(x) dx. Then in Section 12.3 we found that the
work done by a constant force F mﬁmovmg an object from a point P to another point Q in
space isW = F - D, where D = PQ is the displacement vector.

Now suppose that F = P i + Q j + R k is a continuous force field on R®, such as the
gravitational field of Example 4 in Section 16.1 or the electric force field of Example 5 in
Section 16.1. (A force field on R? could be regarded as a special case where R = 0 and P
and Q depend only on x and y.) We wish to compute the work done by this force in mov-
ing a particle along a smooth curve C.

We divide C into subarcs Pi—;P; with lengths As; by dividing the parameter interval
[a, b] into subintervals of equal width. (See Figure 1 for the two-dimensional case or
Figure 11 for the three-dimensional case.) Choose a point P*(x{, yi¥, z*) on the ith subarc
corresponding to the parameter value t*. If As; is small, then as the particle moves from
Pi-1 to P; along the curve, it proceeds approximately in the direction of T (), the unit tan-
gent vector at P;*. Thus the work done by the force F in moving the particle from P;_; to
Pi is approximately

F(XE, ¥, 25) - [AsiT(tF)] = [F(XF, yiF, 27) - T(EF)] As;

and the total work done in moving the particle along C is approximately

n

@ E [F(x* 7Y| vz) s T(x® ) Yi ¥, z0)] Asi

where T (X, y, z) is the unit tangent vector at the point (x, y, z) on C. Intuitively, we see that
these approximations ought to become better as n becomes larger. Therefore we define the
work W done by the force field F as the limit of the Riemann sums in [11], namely,

[12] W= | Fy,2- Ty ds=[ F-Tds

Equation 12 says that work is the line integral with respect to arc length of the tangential
component of the force.

If the curve C is given by the vector equation r(t) = x(t) i + y(t) j + z(t) k, then
T(t) = r'(t)/| r'(t)|, so using Equation 9 we can rewrite Equation 12 in the form

r'( , b o
W= j[ T |]|r(t)|dt [T For) - ro at
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Figure 12 shows the force field and the curve in
Example 7. The work done is negative because
the field impedes movement along the curve.

1~xx\4\ﬂ\&

FIGURE 12

Figure 13 shows the twisted cubic C in
Example 8 and some typical vectors acting at
three points on C.

Y o2, 1 0

FIGURE 13
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This integral is often abbreviated as [ F - dr and occurs in other areas of physics as well.
Therefore we make the following definition for the line integral of any continuous vector
field.

13 Definition Let F be a continuous vector field defined on a smooth curve C
given by a vector function r(t), a < t < b. Then the line integral of F along C is

[.F-dr=["Fera) - rydi= [ F-Tas

When using Definition 13, bear in mind that F(r(t)) is just an abbreviation for
F(x(t), y(t), z(t)), so we evaluate F(r(t)) simply by putting x = x(t),y = y(t), and z = z(t)
in the expression for F(x, y, z). Notice also that we can formally write dr = r'(t) dt.

[ET0TIT#F] Find the work done by the force field F(x, y) = x? i — Xy j in moving a par-
ticle along the quarter-circle r(t) = costi + sintj,0 < t < #/2.

SOLUTION Since x = costand y = sin t, we have
F(r(t)) = cos’ti — costsintj
and r'(t) = —sinti + costj

Therefore the work done is

LF dr = fo”/z F(r(t) - r'(t) dt = fo”“(—z cos’ sin t) dt

_, cos't ]”/2 2

== -
3 3

0

NOTE Eventhough [ F - dr = | F - T dsand integrals with respect to arc length are
unchanged when orientation is reversed, it is still true that

f_cF-drz—fCF-dr

because the unit tangent vector T is replaced by its negative when C is replaced by —C.

Evaluate | F - dr, where F(x,y,z) = xy i + yzj + zxkand C is the
twisted cubic given by

SOLUTION We have
rt) =ti + t?j + t°k

r't) =i+ 2tj + 3t’k

F(rt) = t%i + t°j + t*k
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1 !
Thus | Fedr= [ Fer@) - rod

Lz
28

t*  5tf

= [ +5t%)dt = + —] -

4 7

0

Finally, we note the connection between line integrals of vector fields and line integrals
of scalar fields. Suppose the vector field F on R* is given in component form by the equa-
tion F = Pi+ Qj + R k. We use Definition 13 to compute its line integral along C:

[ F-dr=[Fr) - rod
=PI+ Qj+RK - (X +y®]+2) k) d
= [ [P(x(0, y(0, 20) X' + Q(x(0), y(®, 2(0)y'®) + R(x(0), y(0), () /()] ot

But this last integral is precisely the line integral in [10]. Therefore we have

LF-dr=fCde+Qdy+Rdz where F=Pi+Qj+ Rk

For example, the integral |_y dx + zdy + xdz in Example 6 could be expressed as
Jo F + dr where

FX,y,z) =yi+zj+xk

m Exercises

1-16 Evaluate the line integral, where C is the given curve. 9, |'C Xyz ds,
1 j’cy3ds, Cix=t,y=t 0<t=2 C:x=2sint,y=t z= —-2cost, 0st=w

. , 10. | xyz*ds,
2 | xyds, Cix=t,y=2t0=<t<1 C is the line segment from (—1, 5, 0) to (1, 6, 4)
3. . xy*ds, Cis the right half of the circle x*> + y* = 16 1. [ xe¥" ds,
C is the line segment from (0, 0, 0) to (1, 2, 3)

e

4, (. xsinyds, Cis the line segment from (0, 3) to (4, 6 X
Je y 9 0.3)t0(46) 12. [, (x* +y? + %) ds,

5. [ (x%y° — Vx)dy, C:x=t, y=cos2t z=sin2t, 0 <t=<2m
C is the arc of the curve y = /x from (1, 1) to (4, 2) 13. [xye¥dy, Cix=t, y=t% =t} 0=<t=<1

6. [.e*dx 14. [ ydx + zdy + xdz,
C is the arc of the curve x = y* from (—1, —1) to (1, 1) C:ix = i, y=tz=t4 1<t<4

7. [ (x + 2y) dx + x2dy, C consists of line segments from 15. [ z2dx + x*dy + y?dz, Cis the line segment from (1, 0, 0)
(0,0) to (2, 1) and from (2, 1) to (3, 0) to (4,1,2)

8. [.x?dx + y2dy, C consists of the arc of the circle 16. o (y + ) dx + (x + ) dy + (x +y)dz, C consists of line

segments from (0, 0, 0) to (1, 0, 1) and from (1,0, 1) to
x2 + y2 = 4 from (2, 0) to (0, 2) followed by the line segment (Ogl 2) ( )t ( ) ( )

from (0, 2) to (4, 3)

Graphing calculator or computer required Computer algebra system required 1. Homework Hints available at stewartcalculus.com
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17. Let F be the vector field shown in the figure. 24. J“c F - dr, where F(x,y,z) = ysinzi + zsinxj + xsiny k
(@) If Cy is the vertical line segment from (=3, —3) to (-3, 3), and r(t) = costi +sintj +sin5tk, 0 <t< s
determine whether | F - dr is positive, negative, or zero.
(b) If C; is the counterclockwise-oriented circle with radius 3 25. | xsin(y + z) ds, where C has parametric equations x = t?,
and center the origin, determine whether [ F - dr is posi- y=tz=t, 0<t<5

tive, negative, or zero. I . .
9 26. |, ze7 ds, where C has parametric equations x = t,y = t?,

z=et0st=<1

y
S B~ N\
Pl BN
; ; - j 21 j - z‘ i’ [cAS|27-28 Use a graph of the vector field F and the curve C to guess
' whether the line integral of F over C is positive, negative, or zero.
? ; rooo X ? E Then evaluate the line integral.
roo- Vo
U 0] il ix 21. F(x,y) = (x — y)i +xyj,
3 Lot 2y { ‘2! 3 : .
RA N At o/ /) C is the arc of the circle x> + y? = 4 traversed counterclock-
XANS | v v g/ wise from (2, 0) to (0, —2)
_2 4
NSNS = e )/ L y .
N 7 28. F(X’y)_\/x2+y2|+\/x2+yzj'

C is the parabolay = 1 + x? from (—1, 2) to (1, 2)

18. The figure shows a vector field F and two curves C; and C..
Are the line integrals of F over C; and C, positive, negative, 29. (a) Evaluate the line integral |, F - dr, where
or zero? Explain. F(x,y) = e* i + xyj and C is given by
r) =t’i +t*j,0st=< 1.
A (b) Hlustrate part (a) by using a graphing calculator or com-
puter to graph C and the vectors from the vector field
corresponding to t = 0, 1/4/2, and 1 (as in Figure 13).

30. (a) Evaluate the line integral | F - dr, where
F(x,y,z) = xi — zj + ykand C is given by
r(t)y =2ti+3tj—t’k, —1sts<1
A (b) Hlustrate part (a) by using a computer to graph C and
the vectors from the vector field corresponding to
t = *1and *+3 (as in Figure 13).

cAS| 31. Find the exact value of J'C x3y?zds, where C is the curve with
parametric equations x = e 'cos 4t,y = e 'sin4t,z = e,
0<t<2m

19-22 Evaluate the line integral | F - dr, where C is given by the

vector function r(t). 32. (a) Find the work done by the force field F(x, y) = x2i + Xy j

on a particle that moves once around the circle

19. F(x,y) = xyi + 3y?j, x? + y? = 4 oriented in the counter-clockwise direction.
r) =11t"i + t°j, 0<t<1 cAs]  (b) Use a computer algebra system to graph the force field and

2. F(x,y,2) = (x + y)i + (y — 2)j + 22k, circle on the same screen. Use the graph to explain your
rt) =t’i +t°j +t?’k, 0<t<1 answer to part (a).

21. F(x,y,2) = sinxi + cosyj + xz K, 33. Arthin wire is bent into the shape of a semicircle x* + y? = 4,
rt) =t3i —t2j +tk, 0<st<1 x = 0. If the linear density is a constant k, find the mass and

. . center of mass of the wire.
22. F(x,y,z) = Xi+yj+xyk,

r(t) =costi +sintj+tk, 0st<nw 34. A thin wire has the shape of the first-quadrant part of the
circle with center the origin and radius a. If the density
function is p(x, y) = kxy, find the mass and center of mass
23-26 Use a calculator or CAS to evaluate the line integral correct of the wire.
to four decimal places.

35. (a) Write the formulas similar to Equations 4 for the center of
23. | F-dr,where F(x,y) = xy i+ sinyjand mass (X, ¥, z) of a thin wire in the shape of a space curve C
ry=e'i+e’j 1<t<2 if the wire has density function p(x, y, z).
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36.

31.

38.

39.

40.

a.

42,

43.

44.

CHAPTER 16 VECTOR CALCULUS

(b) Find the center of mass of a wire in the shape of the helix
X =2sint,y = 2cost, z = 3t, 0 < t < 27, if the density
is a constant k.

Find the mass and center of mass of a wire in the shape of the
helixx =1t,y = cost, z =sint, 0 < t < 2, if the density at
any point is equal to the square of the distance from the origin.

If a wire with linear density p(x, y) lies along a plane curve C,
its moments of inertia about the x- and y-axes are defined as

— 2 _ 2
ho= Ly p(x,y)ds Iy = Lx p(x,y) ds

Find the moments of inertia for the wire in Example 3.

If a wire with linear density p(x, y, z) lies along a space curve
C, its moments of inertia about the x-, y-, and z-axes are
defined as

b= [, (y* + Z)p(x.y, 2) O
ly = fc (x> + z¥)p(x,y, z) ds
I.= fc (x* + y?)p(x,y, z) ds

Find the moments of inertia for the wire in Exercise 35.

Find the work done by the force field F(x,y) = xi + (y + 2)
in moving an object along an arch of the cycloid
rt) = (t —sint)i + (1 —cost)j0<t=<2m

Find the work done by the force field F(x, y) = x%i + ye*j on
a particle that moves along the parabola x = y? + 1 from (1, 0)
to (2,1).

Find the work done by the force field
F(X,y,2) = (x — y? y — z% z — x?) on a particle that moves
along the line segment from (0, 0, 1) to (2, 1, 0).

The force exerted by an electric charge at the origin on a
charged particle at a point (X, y, z) with position vector
r=(xY,z)is F(r) = Kr/|r |* where K is a constant. (See
Example 5 in Section 16.1.) Find the work done as the particle
moves along a straight line from (2, 0, 0) to (2, 1, 5).

The position of an object with mass m at time t is

r(t) = at?i + bt}j,0 st =< 1.

(a) What is the force acting on the object at time t?

(b) What is the work done by the force during the time interval
O0=t=1?

An object with mass m moves with position function
r(t) =asinti + bcostj + ctk, 0 <t < /2. Find the work
done on the object during this time period.

45,

46.

47.

48.

49.

50.

51.

52.

A 160-Ib man carries a 25-1b can of paint up a helical staircase
that encircles a silo with a radius of 20 ft. If the silo is 90 ft
high and the man makes exactly three complete revolutions
climbing to the top, how much work is done by the man
against gravity?

Suppose there is a hole in the can of paint in Exercise 45 and
9 Ib of paint leaks steadily out of the can during the man’s
ascent. How much work is done?

(a) Show that a constant force field does zero work on a
particle that moves once uniformly around the circle
X2 +yr=1

(b) Is this also true for a force field F(x) = kx, where k is a
constant and x = (X, y)?

The base of a circular fence with radius 10 m is given by

x = 10 cost,y = 10 sin t. The height of the fence at position
(x,y) is given by the function h(x, y) = 4 + 0.01(x*> — y?), so
the height varies from 3 m to 5 m. Suppose that 1 L of paint
covers 100 m?. Sketch the fence and determine how much paint
you will need if you paint both sides of the fence.

If C is a smooth curve given by a vector function r(t),
a <t =< b, and v is a constant vector, show that

fcv-dr=v-[r(b) —r(a)]

If C is a smooth curve given by a vector function r(t),
a <t=< b, show that

[r-dr=3[IrofF - r@r]

An object moves along the curve C shown in the figure from
(1, 2) to (9, 8). The lengths of the vectors in the force field F
are measured in newtons by the scales on the axes. Estimate
the work done by F on the object.

y
(meters)
Ci—
/4 e
A
d
I
, C
0 1 X
(meters)

Experiments show that a steady current | in a long wire pro-
duces a magnetic field B that is tangent to any circle that lies in
the plane perpendicular to the wire and whose center is the axis
of the wire (as in the figure). Ampére’s Law relates the electric
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current to its magnetic effects and states that

LB-dr:Mol

where 1 is the net current that passes through any surface

bounded by a closed curve C, and u, is a constant called the

permeability of free space. By taking C to be a circle with

radius r, show that the magnitude B = | B | of the magnetic |
field at a distance r from the center of the wire is

C 2mr
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m The Fundamental Theorem for Line Integrals

B(x3, y5,2,)

(b)

FIGURE 1

Recall from Section 5.3 that Part 2 of the Fundamental Theorem of Calculus can be writ-
ten as

[1] ["F0 dx = Fib) - F(a

where F’ is continuous on [a, b]. We also called Equation 1 the Net Change Theorem: The
integral of a rate of change is the net change.

If we think of the gradient vector Vf of a function f of two or three variables as a sort
of derivative of f, then the following theorem can be regarded as a version of the Funda-
mental Theorem for line integrals.

@ Theorem Let C be a smooth curve given by the vector function r(t),a < t < b.
Let f be a differentiable function of two or three variables whose gradient vector
Vf is continuous on C. Then

jc Vf - dr = f(r(b)) — f(r(a))

NOTE Theorem 2 says that we can evaluate the line integral of a conservative vector
field (the gradient vector field of the potential function f) simply by knowing the value of
f at the endpoints of C. In fact, Theorem 2 says that the line integral of Vf is the net
change in f. If f is a function of two variables and C is a plane curve with initial point
A(X1, y1) and terminal point B(x2, y2), as in Figure 1, then Theorem 2 becomes

LVf sdr = (X2, ¥2) — f(X1, Y1)

If f is a function of three variables and C is a space curve joining the point A(Xy, Y1, z1)
to the point B(Xa, Y2, z2), then we have

fc Vi-dr =1f(xz, Y2 22) — f(X1, Y1, 21)

Let’s prove Theorem 2 for this case.
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1076 CHAPTER 16 VECTOR CALCULUS
PROOF OF THEOREM 2  Using Definition 16.2.13, we have

jc Vf-dr = f: VE(r() - r'(t) dt

_fb a_fd_x_l_a_fd_y_}_a_f% dt
ox dt gy dt o9z dt

a
b d
:f o [r®) dt oy the Chain Rule)

= f(r(b)) — f(r(a))

The last step follows from the Fundamental Theorem of Calculus (Equation 1). [ |

Although we have proved Theorem 2 for smooth curves, it is also true for piecewise-
smooth curves. This can be seen by subdividing C into a finite number of smooth curves
and adding the resulting integrals.

[ET0TI] Find the work done by the gravitational field

mMG

BT

in moving a particle with mass m from the point (3, 4, 12) to the point (2, 2, 0) along a
piecewise-smooth curve C. (See Example 4 in Section 16.1.)

SOLUTION From Section 16.1 we know that F is a conservative vector field and, in fact,
F = Vf, where

mMG

Y, 2) = ey Vi

Therefore, by Theorem 2, the work done is
W= | F-dr=[ vf-dr

—£(2,2,0) — (3, 4, 12)

_ mMG mMG _ 1 1
B 2 z 2 2 2 =mMG|\ -7 — — -
V22 +2 V32 + 42+ 12 22 13

I Independence of Path

Suppose C; and C, are two piecewise-smooth curves (which are called paths) that have
the same initial point A and terminal point B. We know from Example 4 in Section 16.2
that, in general, [ F - dr # | F - dr. But one implication of Theorem 2 is that

[ vi-dr=| vi-ar

whenever VT is continuous. In other words, the line integral of a conservative vector field
depends only on the initial point and terminal point of a curve.

In general, if F is a continuous vector field with domain D, we say that the line integral
Jo F - dr is independent of path if [ F - dr = | F - dr for any two paths C; and C; in
D that have the same initial and terminal points. With this terminology we can say that line
integrals of conservative vector fields are independent of path.
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A curve is called closed if its terminal point coincides with its initial point, that is,
r(b) = r(a). (See Figure 2.) If [ F - dr is independent of path in D and C is any closed
path in D, we can choose any two points A and B on C and regard C as being composed
of the path C, from A to B followed by the path C, from B to A. (See Figure 3.) Then

LF-dr=L1F-dr+LZF-dr=J'C1F-dr—jfczF-dr=O

since C; and —C,; have the same initial and terminal points.

Conversely, if it is true that . F - dr = 0 whenever C is a closed path in D, then we
demonstrate independence of path as follows. Take any two paths C; and C, from A to B
in D and define C to be the curve consisting of C, followed by —C,. Then

Ozchodrzfch-dr+f_CZF-drzfch-dr—fczF-dr

and so [, F-dr = [_F-dr. Thus we have proved the following theorem.

3] Theorem |_F - dris independent of path in D if and only if [ F - dr = 0 for
every closed path C in D.

Since we know that the line integral of any conservative vector field F is independent
of path, it follows that | F - dr = 0 for any closed path. The physical interpretation is that
the work done by a conservative force field (such as the gravitational or electric field in
Section 16.1) as it moves an object around a closed path is 0.

The following theorem says that the only vector fields that are independent of path are
conservative. It is stated and proved for plane curves, but there is a similar version for
space curves. We assume that D is open, which means that for every point P in D there is
a disk with center P that lies entirely in D. (So D doesn’t contain any of its boundary
points.) In addition, we assume that D is connected: This means that any two points in D
can be joined by a path that lies in D.

(4] Theorem Suppose F is a vector field that is continuous on an open connected
region D. If [_F - dr is independent of path in D, then F is a conservative vector
field on D; that is, there exists a function f such that Vf = F.

PROOF Let A(a, b) be a fixed point in D. We construct the desired potential function f by
defining

(x,y)

f(x,y) f(a,m F-dr
for any point (x, y) in D. Since |_ F - dr is independent of path, it does not matter
which path C from (a, b) to (x, y) is used to evaluate f(x, y). Since D is open, there exists
a disk contained in D with center (x, y). Choose any point (xy, y) in the disk with x; < x
and let C consist of any path C, from (a, b) to (x4, y) followed by the horizontal line seg-
ment C, from (X, y) to (x, y). (See Figure 4.) Then

f(x,y) = fcl Fe-dr+ fcz F-dr= f“*'y)

(a,b)

F-dr + J F-dr
Cz
Notice that the first of these integrals does not depend on x, so

d J
= =0+ —| E-
dX fxy) =0 X sz dr
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0 X
FIGURE 5
simple, not simple,
not closed not closed
simple, not simple,
closed closed
FIGURE 6

Types of curves

simply-connected region

regions that are not simply-connected

FIGURE 7

If we write F = P i + Q j, then

fCZF-dr=LZde+ Qdy
On C,, y is constant, so dy = 0. Using t as the parameter, where x; < t < X, we have
d d J [x
_ _ — + — — =
STy = | Pdx+ Qdy = ["P(ty) dt = P(xy)

by Part 1 of the Fundamental Theorem of Calculus (see Section 5.3). A similar argument,
using a vertical line segment (see Figure 5), shows that

d d d [y
— = — + = — =
oy o0 =20 [ P+ Qdy =2 7 Q(x, 1 dt = Q(x.)
of of
Th F=Pi+Qj=—i+—j=Vf
us i+Qj aXl ayj

which says that F is conservative. [ |

The question remains: How is it possible to determine whether or not a vector field
F is conservative? Suppose it is known that F = P i + Q j is conservative, where P and
Q have continuous first-order partial derivatives. Then there is a function f such that
F = Vi, that is,

of of
= — d =
X an Q ay
Therefore, by Clairaut’s Theorem,
R S S )
ay  ayax  axay  ox

@ Theorem If F(x,y) = P(x,y)i + Q(X,y) j is a conservative vector field,
where P and Q have continuous first-order partial derivatives on a domain D, then
throughout D we have

P _Q

ay o

The converse of Theorem 5 is true only for a special type of region. To explain this, we
first need the concept of a simple curve, which is a curve that doesn’t intersect itself any-
where between its endpoints. [See Figure 6; r(a) = r(b) for a simple closed curve, but
r(ty) # r(t;) whena < t; <t, <b]

In Theorem 4 we needed an open connected region. For the next theorem we need a
stronger condition. A simply-connected region in the plane is a connected region D such
that every simple closed curve in D encloses only points that are in D. Notice from Figure
7 that, intuitively speaking, a simply-connected region contains no hole and can’t consist
of two separate pieces.

In terms of simply-connected regions, we can now state a partial converse to Theorem 5
that gives a convenient method for verifying that a vector field on R? is conservative. The
proof will be sketched in the next section as a consequence of Green’s Theorem.
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Figures 8 and 9 show the vector fields in
Examples 2 and 3, respectively. The vectors in
Figure 8 that start on the closed curve C all
appear to point in roughly the same direction as
C.Soitlooks as if f F - dr > 0 and therefore
F is not conservative. The calculation in Example
2 confirms this impression. Some of the vectors
near the curves C; and C; in Figure 9 point in
approximately the same direction as the curves,
whereas others point in the opposite direction.
So it appears plausible that line integrals around
all closed paths are 0. Example 3 shows that F
is indeed conservative.

FIGURE 9
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@ Theorem LetF = Pi + Q j be a vector field on an open simply-connected
region D. Suppose that P and Q have continuous first-order derivatives and

P _ R

= throughout D
ay  ox

Then F is conservative.

1 IE7YETF] Determine whether or not the vector field

Fx,y)=(x—yi+(x—2)]j
is conservative.

SOLUTION LetP(x,y) =x —yand Q(x,y) = x — 2. Then

Q

9P _ _
ay ax

Since aP/dy # dQ/ox, F is not conservative by Theorem 5.

1 IE7XTEEEE] Determine whether or not the vector field

F(x,y) = (3 + 2xy) i + (x* — 3y?)]
is conservative.

SOLUTION LetP(x,y) =3 + 2xyand Q(x,y) = x? — 3y? Then
JP
ay X
Also, the domain of F is the entire plane (D = R?), which is open and simply-

connected. Therefore we can apply Theorem 6 and conclude that F is conservative. mmm

In Example 3, Theorem 6 told us that F is conservative, but it did not tell us how to find
the (potential) function f such that F = Vf. The proof of Theorem 4 gives us a clue as to
how to find f. We use “partial integration” as in the following example.

| EXAMPLE 4.
(@) IfF(x,y) = 3+ 2xy)i + (x> — 3y?)j, find a function f such that F = Vf.

(b) Evaluate the line integral | F - dr, where C is the curve given by

r(t) =e'sinti + e'cost j

SOLUTION
(a) From Example 3 we know that F is conservative and so there exists a function f
with Vf = F, that is,

fu(X,y) = 3 + 2xy

fy(x,y) = x* — 3y
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Integrating [ 7| with respect to x, we obtain

[9] f(x,y) = 3x + x?y + g(y)

Notice that the constant of integration is a constant with respect to x, that is, a function
of y, which we have called g(y). Next we differentiate both sides of [9] with respect to y:

f(xY) = x>+ g'(y)
Comparing [8] and [10], we see that
g'(y) = —3y?
Integrating with respect to y, we have
g(y) = —y* + K
where K is a constant. Putting this in [9], we have
f(x,y) =3+ x?y —y*+ K

as the desired potential function.

(b) To use Theorem 2 all we have to know are the initial and terminal points of C,
namely, r(0) = (0, 1) and r(a) = (0, —e™). In the expression for f(x, y) in part (a), any
value of the constant K will do, so let’s choose K = 0. Then we have

LF dr = fCVf dr =f(0, —e™) — £(0,1) = &% — (—1) = e% + 1

This method is much shorter than the straightforward method for evaluating line inte-
grals that we learned in Section 16.2. [ |

A criterion for determining whether or not a vector field F on R? is conservative is
given in Section 16.5. Meanwhile, the next example shows that the technique for finding
the potential function is much the same as for vector fields on R2.

M EOEET IFF(x, Y, 2) = y2i + (2xy + e¥)j + 3ye* Kk, find a function f such
that Vf = F.

SOLUTION If there is such a function f, then

[11] f(xy,2) =y*

[12] f(x,y, z) = 2xy + e¥

[13] f.(x,y, z) = 3ye*
Integrating with respect to X, we get

f(xy,2) = xy? + g(y, 2)

where g(y, z) is a constant with respect to x. Then differentiating with respect to y,
we have

fY(Xv y: Z) = 2Xy + gy(y7 Z)
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and comparison with gives
gy(y, z) = e*
Thus g(y, z) = ye* + h(z) and we rewrite [14] as
f(x,y,z) = xy? + ye¥ + h(z)

Finally, differentiating with respect to z and comparing with [13], we obtain h’(z) = 0 and
therefore h(z) = K, a constant. The desired function is

f(x,y,2) = xy” + ye¥* + K
It is easily verified that Vf = F. [ |

I Conservation of Energy

Let’s apply the ideas of this chapter to a continuous force field F that moves an object
along a path C given by r(t), a < t < b, where r(a) = A is the initial point and r(b) = B
is the terminal point of C. According to Newton’s Second Law of Motion (see Sec-
tion 13.4), the force F(r(t)) at a point on C is related to the acceleration a(t) = r”(t) by the
equation

F(r(t) = mr"(t)

So the work done by the force on the object is

b ’ _ b ” o1
W= [ F-dr=["Fr) - ro dt = ["mrr - o dt
med | ,
- ?L S O ro]dt (Theorem 13.2.3, Formula 4)

— m (o d ’ 2 — m ’ 2|b
=5 L i [r'(t) [?dt = > [| r'(t) | ]a (Fundamental Theorem of Calculus)

m
= 7(\ r'(b) > — ’r'(a)\z)
Therefore

[15] W =3m|v(b)[? — sm|v(a)?

where v = r' is the velocity.
The quantity zm | v(t)|? that is, half the mass times the square of the speed, is called the
kinetic energy of the object. Therefore we can rewrite Equation 15 as

W = K(B) — K(A)

which says that the work done by the force field along C is equal to the change in kinetic
energy at the endpoints of C.

Now let’s further assume that F is a conservative force field; that is, we can write
F = Vf£. In physics, the potential energy of an object at the point (x, y, z) is defined as
P(x,y,z) = —f(x,V, z), so we have F = —VP. Then by Theorem 2 we have

W= jc F-dr= —jc VP - dr = —[P(r(b)) — P(r(a)] = P(A) — P(B)
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1082  CHAPTER16 VECTOR CALCULUS
Comparing this equation with Equation 16, we see that
P(A) + K(A) = P(B) + K(B)
which says that if an object moves from one point A to another point B under the influence
of a conservative force field, then the sum of its potential energy and its kinetic energy

remains constant. This is called the Law of Conservation of Energy and it is the reason
the vector field is called conservative.

m Exercises

1. The figure shows a curve C and a contour map of a function f 9. F(x,y) = (Iny + 2xy®) i + (3x%y2 + x/y)
whose gradient is continuous. Find [, Vf - dr.

10. F(x,y) = (xy cosh xy + sinh xy) i + (x?cosh xy)j

y
\60
50 O\ 11. The figure shows the vector field F(x, y) = (2xy, x*) and
C 40 \ three curves that start at (1, 2) and end at (3, 2).
30 (a) Explain why | F - dr has the same value for all three
20 curves.
10 (b) What is this common value?
\ }
0 X o
3 T -
2. Atable of values of a function f with continuous gradient is cC
given. Find [ Vf - dr, where C has parametric equations -
x=t?+1 y=t*+t O0sts<1
10
" y 0 1 2
0 1 6 4
1 3 5 7 0 X
2 8 2 9

12-18 (a) Find a function f such that F = Vf and (b) use

3-10 Determine whether or not F is a conservative vector field. part (a) to evaluate | F - dr along the given curve C.

If it is, find a function f such that F = Vf. 12. F(x,y) = x%i + y?],
3. F(xy) = (2x — 3y)i + (—3x + 4y — 8) ] C is the arc of the parabolay = 2x? from (—1, 2) to (2, 8)
4. F(x,y) = e*sinyi + e*cosyj 13. F(x,y) = xy®i + x%],

) o Cirt)=(t+sinimt t +cosimt), O<t=<1
5. F(x,y) =e*cosyi + e*siny j
. . 14. F(x,y) = (1 + xy)e¥i + x%¥]j,
6 F(xy) = @x* —2y%)i+ (4xy +3)] C:( r{t)) :(costi{z 2sint] Ojs t<m/2

7. F(x,y) = (ye* +siny)i + (e* + xcosy) j 15 F(xy.2) = yzi + x2j + (xy + 22 K

8 F(x,y)=02xy +y )i+ (x2—=2xy®j, y>0 C is the line segment from (1, 0, —2) to (4, 6, 3)
Computer algebra system required 1. Homework Hints available at stewartcalculus.com
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SECTION 16.3 THE FUNDAMENTAL THEOREM FOR LINE INTEGRALS 1083

16. F(X,y,2) = (Y%z + 2xz2)i + 2xyzj + (xy? + 2x%2) K,
C:x=t,y=t+1 z=t4 0=<t=<1

17. F(X,Yy,z) = yze**i + e j + xye*K,
Cri)=C+Di+{t*-1j+{t*—2hk, 0st=<2

18. F(X,y,z) =sinyi + (xcosy + cosz)j — ysinzK,
C:r(t)=sinti+tj+2tk, 0st< /2

19-20 Show that the line integral is independent of path and eval-
uate the integral.
19. [ 2xeVdx + (2y — x% ™) dy,

C is any path from (1, 0) to (2, 1)

20. | sinydx + (xcosy — siny)dy,
C is any path from (2, 0) to (1, m)

21. Suppose you’re asked to determine the curve that requires the
least work for a force field F to move a particle from one
point to another point. You decide to check first whether F is
conservative, and indeed it turns out that it is. How would
you reply to the request?

22. Suppose an experiment determines that the amount of work
required for a force field F to move a particle from the point
(1, 2) to the point (5, —3) along a curve C; is 1.2 J and the
work done by F in moving the particle along another curve
C, between the same two points is 1.4 J. What can you say
about F? Why?

23-24 Find the work done by the force field F in moving an
object from P to Q.

2. F(x,y) = 2y¥2i + 3x /¥y j; P(1,1), Q(2,4)

24. F(x,y) =eVi—xe"Vj; P(0,1), Q(2,0)

25-26 Is the vector field shown in the figure conservative?
Explain.

25. y 26. y
&lf///%ﬂ\ ——> > 7| /S TT
\lx IR VR N N ~ > = ~|7 % \B\
A N I N NN A T W NN
AN L U W 4 NNy NG
~ == -7 t X L R B e
N R TR R e

cAS 27. If F(x,y) = sinyi + (1 + x cosy) j, use a plot to guess

whether F is conservative. Then determine whether your
guess is correct.

28. Let F = Vf, where f(x,y) = sin(x — 2y). Find curves C;
and C, that are not closed and satisfy the equation.

(a)jC]F~dr=0 (b) LZF-dr=l

29. Show that if the vector field F = P i + Qj + R K is conser-
vative and P, Q, R have continuous first-order partial deriva-
tives, then

9P _9Q 9P _ R 9Q _ R
ay  ox az X 0z ay

30. Use Exercise 29 to show that the line integral
J"C y dx + xdy + xyz dz is not independent of path.

31-34 Determine whether or not the given set is (a) open,
(b) connected, and (c) simply-connected.

3N {(xy) | 0<y<3} 32 {(x,y) | L<|x| <2}
3B.AXY) |[1=sx*+y*<4,y=0}

34 {(x,y) | (x,y)# (2,3)}

—-yi+ xj
X2 + y2 .

(@) Show that 9P/ay = 9Q/ox.

(b) Show that | F - dr is not independent of path.
[Hint: Compute f. F - drand [, F - dr, where C,
and C, are the upper and lower halves of the circle
x2 + y? =1 from (1, 0) to (—1, 0).] Does this contradict
Theorem 6?

35. Let F(x,y) =

36. (a) Suppose that F is an inverse square force field, that is,

cr
T

for some constant ¢, where r = xi + yj + z k. Find the
work done by F in moving an object from a point P;
along a path to a point P, in terms of the distances d; and
d, from these points to the origin.

(b) An example of an inverse square field is the gravita-
tional field F = —(mMG)r/|r|® discussed in Example 4
in Section 16.1. Use part (a) to find the work done by
the gravitational field when the earth moves from
aphelion (at a maximum distance of 1.52 X 10% km
from the sun) to perihelion (at a minimum distance of
1.47 X 10° km). (Use the values m = 5.97 X 10* kg,
M = 1.99 X 10* kg, and G = 6.67 X 10~* N-m?/kg?)

(c) Another example of an inverse square field is the electric
force field F = eqQr/| r |* discussed in Example 5 in
Section 16.1. Suppose that an electron with a charge of
—1.6 X 107*° C is located at the origin. A positive unit
charge is positioned a distance 10~** m from the electron
and moves to a position half that distance from the elec-
tron. Use part (a) to find the work done by the electric
force field. (Use the value ¢ = 8.985 X 10°.)
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CHAPTER 16 VECTOR CALCULUS

m Exercises

1-2 Determine whether the points P and Q lie on the given
surface.

1.

r(u,v) =2u+ 31,1 +5u—92+u+ )
P(7,10,4), Q(5,22,5)

r(u,») = (u+o,u®>—o,u+ 0%
P@3, —-1,5), Q(—1,3,4)

3-6 ldentify the surface with the given vector equation.

3.

r,) =U+o)i+@B—v)j+@+4u+5k
r(u,v) =2sinui+ 3cosuj+ok, 0s<ov=<2
r(s,t) = (s, t,t* — s?)

r(s, t) = (ssin 2t, s2 s cos 2t)

[ 7-12 Use a computer to graph the parametric surface. Get a
printout and indicate on it which grid curves have u constant and
which have v constant.

1.

10.

1.

12.

r(u, v) = (u? v% u + v),
“l=sus=sl -1l=sv=1

. r(u, v) = {u, v* —v),

—2sus2 -2syv=2

. r(u, ») = (U cosw, usino, u®),

“1lsu=<l O0=sv<27

r(u, v) = (u, sin(u + v), sinv),
—rmTsUST TS UOS T

X =siny, y=cosusindp, z=sin2u sin4v,
O<sus2m —7/2<v<m7/2
=sinu, y=cosusinv, z= siny,

X
O=su=s2m0=<v=<27w

13-18 Match the equations with the graphs labeled 1-VI and
give reasons for your answers. Determine which families of grid
curves have u constant and which have » constant.

13.
14.
15.
16.

17.
18.

Graphing calculator or computer required

r(u,v) =ucosvi+usinvj+ vk
r(u,v) =ucosvi+ usinvj+sinuk, —w<susmxw
r(u,v) = sinvi + cosusin 2y j + sinusin 2o k

X = (1 — u)(3 + cos v) cos 47ru,

y = (1 — u)@3 + cosv) sin 4u,

z=3u+ (1 —u)sinv

z =sin%

x = cos’u cos’®s, y = sin®u cos®s,

x=(1—-|ul)cosy, y=(1—ul)sine, z=u

19-26 Find a parametric representation for the surface.

19.
20.
21.
22.
23.
24.

25.

Computer algebra system required

The plane through the origin that contains the vectors i — j
andj — k

The plane that passes through the point (0, —1, 5) and
contains the vectors (2, 1,4) and (-3, 2,5)

The part of the hyperboloid 4x? — 4y? — 2z = 4 that lies in
front of the yz-plane

The part of the ellipsoid x* + 2y? + 3z = 1 that lies to the
left of the xz-plane

The part of the sphere x* + y? + z? = 4 that lies above the
cone z = /x? + y?

The part of the sphere x? + y? + z2 = 16 that lies between
the planesz = —2and z = 2

The part of the cylinder y? + z? = 16 that lies between the
planes x = 0and x = 5
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