1110

CAS

CAS| 56.

CAS| 57.

58.

59.

60.

CHAPTER 16 VECTOR CALCULUS

(b) Use a computer algebra system to approximate the sur-
face area in part (a) to four decimal places. Compare
with the answer to part (a).

Find the area of the surface with vector equation

r(u, ») = (cos®u cos®v, sinu cos®y, sin*), 0 < u < =,
0 < » < 2. State your answer correct to four decimal
places.

Find the exact area of the surface z = 1 + 2x + 3y + 4y?,
l=sx=40=sy=<1.

(a) Set up, but do not evaluate, a double integral for the area
of the surface with parametric equations x = au cos v,
y=businyg,z=u20<sus<20<v<2m

(b) Eliminate the parameters to show that the surface is an
elliptic paraboloid and set up another double integral for
the surface area.

(c) Use the parametric equations in part (a) with a = 2 and
b = 3 to graph the surface.

(d) For the case a = 2, b = 3, use a computer algebra system
to find the surface area correct to four decimal places.

(a) Show that the parametric equations x = a sin u cos v,
y=bsinusinv,z=ccosu,0<u<am0=<v=<27
represent an ellipsoid.

(b) Use the parametric equations in part (a) to graph the
ellipsoid for the casea = 1,b = 2,¢c = 3.

(c) Set up, but do not evaluate, a double integral for the sur-
face area of the ellipsoid in part (b).

(a) Show that the parametric equations x = a cosh u cos v,
y = b cosh u sin v, z = ¢ sinh u, represent a hyperboloid
of one sheet.

(b) Use the parametric equations in part (a) to graph the
hyperboloid for the casea = 1,b = 2,¢c = 3.

(c) Set up, but do not evaluate, a double integral for the sur-
face area of the part of the hyperboloid in part (b) that
lies between the planes z = —3 and z = 3.

Surface Integrals

61.

62.

63.

64.

Find the area of the part of the sphere x* + y? + 22 = 4z
that lies inside the paraboloid z = x* + y2.

The figure shows the surface created when the cylinder
y? 4+ z2 = 1 intersects the cylinder x? + z2 = 1. Find the
area of this surface.

- |

\\“\ %

Find the area of the part of the sphere x> + y? + z> = a°
that lies inside the cylinder x* + y? = ax.

(a) Find a parametric representation for the torus obtained
by rotating about the z-axis the circle in the xz-plane
with center (b, 0, 0) and radius a < b. [Hint: Take as
parameters the angles 6 and « shown in the figure.]

(b) Use the parametric equations found in part (a) to graph
the torus for several values of a and b.

(c) Use the parametric representation from part (a) to find
the surface area of the torus.

The relationship between surface integrals and surface area is much the same as the rela-
tionship between line integrals and arc length. Suppose f is a function of three variables
whose domain includes a surface S. We will define the surface integral of f over S in such
a way that, in the case where f(x,y, z) = 1, the value of the surface integral is equal to the
surface area of S. We start with parametric surfaces and then deal with the special case
where S is the graph of a function of two variables.

I Parametric Surfaces

Suppose that a surface S has a vector equation

r(u,») = x(u,») i +y(u,v)j + z(u,v) k

(u,v) €D

We first assume that the parameter domain D is a rectangle and we divide it into subrect-
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FIGURE 1

We assume that the surface is covered only
once as (U, v) ranges throughout D. The value
of the surface integral does not depend on the
parametrization that is used.

SECTION 16.7 SURFACE INTEGRALS 111

angles R; with dimensions Au and Av. Then the surface S is divided into corresponding
patches S;; as in Figure 1. We evaluate f at a point P in each patch, multiply by the area
AS;; of the patch, and form the Riemann sum

M=

2 f(P]) AS;;

1

=1

Then we take the limit as the number of patches increases and define the surface integral
of f over the surface S as

[1] ﬂ f(x,y,z)dS = lim iif(a,*msn

g M N=% =1 j=1

Notice the analogy with the definition of a line integral (16.2.2) and also the analogy with
the definition of a double integral (15.1.5).

To evaluate the surface integral in Equation 1 we approximate the patch area AS;; by the
area of an approximating parallelogram in the tangent plane. In our discussion of surface
area in Section 16.6 we made the approximation

ASij = |ry X r,| AuAv

Xy . D X . ay . D
Xy Yy & =i+ Dj Ly

where r, = i j =
Jau ou Jau Jv Jv ov

are the tangent vectors at a corner of S;;. If the components are continuous and r, and r,
are nonzero and nonparallel in the interior of D, it can be shown from Definition 1, even
when D is not a rectangle, that

2] [ £y 22 ds = [[ f(r, o)1y x 1. dA

This should be compared with the formula for a line integral:

[ fouy,2rds = [P Hr) [ ri) |t
Observe also that

[[rds={[Irxr|da=A®)

S

Formula 2 allows us to compute a surface integral by converting it into a double inte-
gral over the parameter domain D. When using this formula, remember that f(r(u, v)) is
evaluated by writing x = x(u, »), y = y(u, v), and z = z(u, ») in the formula for f(x,y, z).

EZYEN Compute the surface integral [{; x*dS, where S is the unit sphere
x2+y?+2=1

SOLUTION As in Example 4 in Section 16.6, we use the parametric representation

Xx=sing cos® y=sindsing z=cos¢p O0<o<7m 0<6<27
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1112 CHAPTER 16 VECTOR CALCULUS

Here we use the identities
c0s?6 = 3 (1 + cos 26)
sinp = 1 — cos?¢

Instead, we could use Formulas 64 and 67 in
the Table of Integrals.

that is, r(¢, 6) =sin¢g coshi + sing sinhj + cosp k
As in Example 10 in Section 16.6, we can compute that

[rg X ro| =sin ¢

Therefore, by Formula 2,
ﬂ x2dS = ﬂ (sin¢ cos 0)*|ry X ry|dA
S D
. 20 (fm . 2 2 . . 2 2 T .3
= fo fo sin“¢ cos®0 sin ¢ dp dO = L cos°6de fo sin*¢ d¢p
= Lz”%(l + c0s 26) d6 jow (sin ¢ — sin ¢ cos’¢p) d¢p
. ” = 4
= o + Lsin 26 [~cos ¢ + & cose) = TW |

Surface integrals have applications similar to those for the integrals we have previously
considered. For example, if a thin sheet (say, of aluminum foil) has the shape of a surface
S and the density (mass per unit area) at the point (x, y, z) is p(X, Y, z), then the total mass
of the sheet is

m = ﬂ p(x,y,z)dS

and the center of mass is (X, Y, z), where
XZijJ‘Xp(Xyz)dS yziﬂyp(xyz)ds Eziﬂzp(xyz)ds
m S L 1 m S l L m S 1 y

Moments of inertia can also be defined as before (see Exercise 41).

I Graphs

Any surface S with equation z = g(x, y) can be regarded as a parametric surface with para-
metric equations

Xx=x y=y z=g4KXY)

. d . d
and so we have =i+ (_g) k r=j+ <_g> Kk
IXx ay
Thus
d J
3] rexr=—9i- Yk

ax ay

2 2
and rxxry|=\/<%> +<§—;> +1
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SECTION 16.7 SURFACE INTEGRALS 1113

Therefore, in this case, Formula 2 becomes

[4] fsf f(x,y,2) dS = Lj f(x v, g(x.y))\/(%)2 + <§—;>2 +1dA

Similar formulas apply when it is more convenient to project S onto the yz-plane or
xz-plane. For instance, if S is a surface with equation y = h(x, z) and D is its projection
onto the xz-plane, then

f(x,y,2)dS = || f(x,h(x, z),z ﬂer ﬂ2+1dA
I s 9 (2] + (2

Evaluate ([, y dS, where Sisthesurfacez = x + y2, 0 < x<1,0<y=<2
(See Figure 2.)

SOLUTION Since

J d

Z - and = 2y

ox ay
Formula 4 gives

FIGURE 2 g yds = fo y\/l + <%>2 + (j—;)z dA

= fol joz yv1 + 1+ 4y? dydx

= [Taxv2 ['yvi+2y7 dy

1)2 243/2|2 3v2
=\/§(4)3(1+2y)/]0=% —

If S is a piecewise-smooth surface, that is, a finite union of smooth surfaces S;, S, . . .,
S that intersect only along their boundaries, then the surface integral of f over S is defined

by
ﬂf(x, y, z) dS =ﬂf(x, y,z)dS + -+ + ﬂf(x, y, z) dS

1 0] Evaluate [ z dS, where S is the surface whose sides S, are given by the
cylinder x> + y? = 1, whose bottom S; is the disk x*> + y? < 1 in the plane z = 0, and
whose top S; is the part of the plane z = 1 + x that lies above S,.

SOLUTION The surface S is shown in Figure 3. (We have changed the usual position of
the axes to get a better look at S.) For S; we use 6 and z as parameters (see Example 5
in Section 16.6) and write its parametric equations as

X = cos 6 y =sin@ z=7z
S where
FIGURE 3 0=s0<27w and 0sz<1l+x=1+cos0
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1114 CHAPTER 16 VECTOR CALCULUS

Therefore
i j k
re X r,=|—sinf cosf O|=coshi + sinb]j
0 0o 1

and |re X r.| =+/cos?6 + sin?f = 1

Thus the surface integral over S; is

gzd3=g2]rgx r.|dA

= jz”j“m"zdzde = jz”g(l + cos6)2de
0 0 0

= %LZW [1+ 2cos6 + 3(1 + cos26)] do

_ 1[3 . I 2r 3w

=3|30 + 23|m9+zsm20]0 —7
Since S; liesin the plane z = 0, we have

gzds=goas=o

The top surface S; lies above the unit disk D and is part of the planez = 1 + x. So,
taking g(x,y) = 1 + x in Formula 4 and converting to polar coordinates, we have

ffeos- [ a1 () 4 (2 o

- jj”f: (1+rcos6)y/I+ 1+0rdrdo

= \/ﬁjo%jol (r + r2cos6) dr do

= \/ELZ” (3 + 3cos6) de
. 27
_ ﬁ[ﬂ N ﬂ] _ Jan
2" 3 |,
Therefore

f!zds=gzds+gzds+gzds

=3—277+0+ﬁw=(§+ﬁ)w -
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A Mobius strip
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Visual 16.7 shows a Mobius strip
with a normal vector that can be moved along

the surface.

FIGURE 6

FIGURE 5

Constructing a Mobius strip

n,

n,

SECTION 16.7 SURFACE INTEGRALS 1115

[ Oriented Surfaces

To define surface integrals of vector fields, we need to rule out nonorientable surfaces such
as the Maobius strip shown in Figure 4. [It is named after the German geometer August
Mohius (1790-1868).] You can construct one for yourself by taking a long rectangular
strip of paper, giving it a half-twist, and taping the short edges together as in Figure 5.
If an ant were to crawl along the Mobius strip starting at a point P, it would end up on
the “other side” of the strip (that is, with its upper side pointing in the opposite direction).
Then, if the ant continued to crawl in the same direction, it would end up back at the
same point P without ever having crossed an edge. (If you have constructed a M 6bius strip,
try drawing a pencil line down the middle.) Therefore a M&bius strip realy has only
one side. You can graph the M 6bius strip using the parametric equations in Exercise 32 in
Section 16.6.

B D
> <«

From now on we consider only orientable (two-sided) surfaces. We start with a surface
S that has atangent plane at every point (x, y, z) on S (except at any boundary point). There
are two unit normal vectorsn; and n, = —ng at (X, Y, z). (See Figure 6.)

If it is possible to choose a unit normal vector n at every such point (X, y, z) so that n
varies continuously over S, then S is called an oriented surface and the given choice of n
provides S with an orientation. There are two possible orientations for any orientable sur-
face (see Figure 7).

n n n n
\
of an orientable surface

FIGURE 7
The two orientations

For a surface z = g(x, y) given as the graph of g, we use Equation 3 to associate with
the surface a natural orientation given by the unit normal vector

J d
A

aX ay

ERE)

Since the k-component is positive, this gives the upward orientation of the surface.
If S is a smooth orientable surface given in parametric form by a vector function
r(u, »), then it is automatically supplied with the orientation of the unit normal vector

e Xr,
6] n=———

N [ry X r,]|

) -

and the opposite orientation is given by —n. For instance, in Example 4 in Section 16.6 we
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1116 CHAPTER 16 VECTOR CALCULUS

X

FIGURE 10

found the parametric representation
r(¢,0) =asing cosfi +asing sinfj + acoseo k
for the sphere x? + y? + z2 = aZ Then in Example 10 in Section 16.6 we found that
ry X ro=a?sin’ cosfi + a?sin’p sinfj + a’sin¢ cos¢ k
and [ry X ry| =a%sing
So the orientation induced by r(¢, ) is defined by the unit normal vector

re Xr . . . L 1
n=—2-"-"— sing cosfi + sing sinfj + cospk = —r(¢h, 0)
[Ty X 1o a
Observe that n pointsin the same direction as the position vector, that is, outward from the
sphere (see Figure 8). The opposite (inward) orientation would have been obtained (see
Figure 9) if we had reversed the order of the parameters becauser, X ry, = —r, X ry.

FIGURE 8 FIGURE 9
Positive orientation Negative orientation

For a closed surface, that is, a surface that is the boundary of a solid region E, the
convention is that the positive orientation is the one for which the normal vectors point
outward from E, and inward-pointing normals give the negative orientation (see Figures 8
and 9).

I Surface Integrals of Vector Fields

Suppose that S is an oriented surface with unit normal vector n, and imagine a fluid with
density p(x, Y, z) and velocity field v(x, y, z) flowing through S. (Think of S as an imagi-
nary surface that doesn’t impede the fluid flow, like afishing net across a stream.) Then the
rate of flow (mass per unit time) per unit areais pv. If we divide S into small patches Sj;,
asin Figure 10 (compare with Figure 1), then S;; is nearly planar and so we can approxi-
mate the mass of fluid per unit time crossing S;; in the direction of the normal n by the
quantity
(pv - MAS;)

where p, v, and n are evaluated at some point on S;;. (Recall that the component of the vec-
tor pv in the direction of the unit vector n is pv - n.) By summing these quantities and tak-

ing the limit we get, according to Definition 1, the surface integral of the function pv - n
over S:

ﬂ pv - ndsS = j p(X,y, 2V(X, Y, 2) - n(X,y, z) dS

S S

and thisis interpreted physicaly as the rate of flow through S.
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SECTION 16.7 SURFACE INTEGRALS 117

If we write F = pv, then F is also a vector field on R and the integral in Equation 7
becomes
[[F-nas

S

A surface integral of this form occurs frequently in physics, even when F is not pv, and is
called the surface integral (or flux integral) of F over S.

Definition If F is a continuous vector field defined on an oriented surface S
with unit normal vector n, then the surface integral of F over S is

HF-dS=gF-ndS

S

Thisintegral is aso called the flux of F across S.

In words, Definition 8 says that the surface integral of avector field over S is equal to
the surface integral of its normal component over S (as previously defined).

If Sisgiven by avector function r (u, v), then n is given by Equation 6, and from Defi-
nition 8 and Equation 2 we have

gF-dS=£fF-—|::§::’ ds

:ﬁ [F(r(u,y))-—|:“ i :”|]|ru X r,|dA

where D is the parameter domain. Thus we have

Compare Equation 9 to the similar expression
for evaluating line integrals of vector fields in

Definition 16.2.13: [9] ” F-dS= j Fe(ryXxr,)dA

fc F.dr = L" F(r(t) - r'(t) dt s .

70T Find the flux of the vector field F(x,y, z) = zi + y|j + X k acrossthe unit

Figure 11 shows the vector field F in Example 4 Sphere X2 + y2 +72=1
at points on the unit sphere.

SOLUTION Asin Example 1, we use the parametric representation

r(¢, ) =sing cosfi + sing sin6j + cosgp k Osop<nm 0<60<27

Then F(r(¢, 6)) = cos¢i + sing sinfj + sing cosh k
and, from Example 10 in Section 16.6,

rs X ro=sin’ cosfi + sin?p sinfj + sing cos¢ k
Therefore

FIGURE 11 F(r(¢, ) « (ry X ry) = cos¢ sin?p cosh + sinp sin’f + sin’p cos¢ cos o
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1118 CHAPTER 16 VECTOR CALCULUS

X

FIGURE 12

and, by Formula 9, the flux is

ﬂ F-dS=ﬂF-(r¢><r9)dA

S

= fozv L’T (2sin?¢ cos¢ cosf + sinp sin?6) de do
. T . 5 2w T . 3 27 . >
= Zjo sin“¢ cos¢ dg fo cos6do + fo sing do fo sin“6do

=0+ J:Sde) de J.OZWSinZO dée (since‘.vo%cos 0do = 0)

by the same calculation as in Example 1. [ |

If, for instance, the vector field in Example 4 is avelocity field describing the flow of a
fluid with density 1, then the answer, 44/3, represents the rate of flow through the unit
sphere in units of mass per unit time.

In the case of asurface S given by agraphz = g(x, y), we can think of x and y as param-
eters and use Equation 3 to write

F-(rx><ry)=(Pi+Qj+Rk)-<—%i—g—f’j+k>

Thus Formula 9 becomes

fF'dS=ﬂ<—Pa—g—Qa—g+R>dA

. s X ay

This formula assumes the upward orientation of S; for a downward orientation we multi-
ply by —1. Similar formulas can be worked out if S isgiven by y = h(x, z) or x = k(y, z).
(See Exercises 37 and 38.)

1 EXUEE Evauate [ F - dS, whereF(x,y,z) = yi + xj + zk and Sisthe
boundary of the solid region E enclosed by the paraboloid z = 1 — x? — y?and the
planez = 0.

SOLUTION S consists of a parabolic top surface S; and a circular bottom surface S,. (See
Figure 12.) Since S is a closed surface, we use the convention of positive (outward)
orientation. This means that S; is oriented upward and we can use Equation 10 with
D being the projection of S; onto the xy-plane, namely, the disk x* + y2 < 1. Since

P(x,y,2) =y Q(x,y,z) =X R(x,y,2) =z=1—-x*—y?
on S; and %9 _ —2X 9 _ -2y
X ay
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SECTION 16.7 SURFACE INTEGRALS 1119

we have
jsf F-dS=£ (—P%—Qz—g—kR)dA
= ] [-y(=20 = x(=2y) + 1~ x* ~ y?]dA

1+ 4xy — x* —y?*)dA

I
U{_.}

IZ”JE (1 + 4r2cosf sinf — r?)rdrde

0

fOZle (r — r®+ 4r3cos@ sin ) dr do

- fozw (2 + cosf sin6) do = 2(2m) + 0 = g
The disk S, is oriented downward, so its unit normal vector isn = —k and we have
ﬂF@S:ﬂF«—@%:ﬂXﬁmA=ﬂom=o
S, S, D D

sincez = 0 on S,. Finally, we compute, by definition, |, F - dS as the sum of the sur-
face integrals of F over the pieces S; and S;:

ngsngws+ngs=g+o

z |
2

Although we motivated the surface integral of avector field using the example of fluid
flow, this concept also arises in other physical situations. For instance, if E is an electric
field (see Example 5 in Section 16.1), then the surface integral

ngs

iscalled the electric flux of E through the surface S. One of the important laws of electro-
statics is Gauss's L aw, which says that the net charge enclosed by a closed surface S is

[1] Q= [ E-dS

where g is aconstant (called the permittivity of free space) that depends on the units used.
(In the SI system, o = 8.8542 X 107*? C?N-m?) Therefore, if the vector field F in
Exam4p|e 4 represents an electric field, we can conclude that the charge enclosed by S is
Q = 3meo.

Another application of surface integrals occurs in the study of heat flow. Suppose the
temperature at a point (x, y, z) in abody isu(x, y, z). Then the heat flow is defined as the
vector field

F=-KWVu
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1120 CHAPTER 16 VECTOR CALCULUS

where K is an experimentally determined constant called the conductivity of the sub-
stance. The rate of heat flow across the surface S in the body is then given by the surface
integral

fF-ds=—KﬂVu-ds

S S
W EENVTEEES The temperature u in ametal ball is proportional to the square of the

distance from the center of the ball. Find the rate of heat flow across a sphere S of
radius a with center at the center of the ball.

SOLUTION Taking the center of the ball to be at the origin, we have
ucx,y, z) = C(x? + y? + z?)
where C is the proportionality constant. Then the heat flow is
F(x,y,z) = =K Vu= —KC(2xi + 2yj + 2zk)
where K is the conductivity of the metal. Instead of using the usual parametrization of

the sphere as in Example 4, we observe that the outward unit normal to the sphere
x? + y? + z2 = a?at the point (x, Y, z) is

1
n=;(xi+yj + z k)

2KC
and so F-n=—T(x2+y2+zz)

But on S we have x? + y? + z2 = a% so F - n = —2aKC. Therefore the rate of heat
flow across S is

gF-ds=£jF-nds=—2aKc£jds

= —2aKCA(S) = —2aKC(4ma®) = —8KCma® [
Exercises
1. Let S be the boundary surface of the box enclosed by the 3. Let H be the hemisphere x? + y2 + 2> = 50, z = 0, and
planesx = 0,x =2,y =0,y = 4,z = 0, and z = 6. Approx- suppose f is a continuous function with f(3, 4,5) = 7,
imate ([, e *****? dS by using a Riemann sum as in Defini- (3, —4,5) =8, f(—3,4,5) = 9,and f(—3, —4,5) = 12.
tion 1, taking the patches S;; to be the rectangles that are the By dividing H into four patches, estimate the value of
faces of the box S and the points P;} to be the centers of the [T, f(x,y,2)dS.

rectangles.

4. Supposethat f(x,y, z) = g(vx2 + yZ + 22 ), whereg isa
function of one variable such that g(2) = —5. Evaluate
fJs f(x,y,2) dS, where S isthe sphere x* + y* + z* = 4.

2. A surface S consists of the cylinder x2 + y2 =1, -1 <z < 1,
together with its top and bottom disks. Suppose you know that
f is a continuous function with

f(£1,0,0 =2 f(0, 1,0 =3 f(0,0,+1) =4 5-20 Evaluate the surface integral.

Estimate the value of [[, f(x, y, z) dS by using a Riemann sum, 5. [ (x +y+ z2)dS,

taking the patches S;; to be four quarter-cylinders and the top S isthe parallelogram with parametric equationsx = u + v,

and bottom disks. y=u—-vz=1+2u+9»0=<u<20=<v=<1
Computer algebra system required 1. Homework Hints available at stewartcal culus.com
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. Jfs xyz dS,
S is the cone with parametric equations x = u cos v,
y=usny,z=u0<us<10<v<7/2

7. [,y dS, Sisthe helicoid with vector equation
r(u,v) =(ucosv,usiny,v),0<u<10<v<
8. [f,(x*+ y?)ds,
S is the surface with vector equation
r(u,v) = (2up,u? — o2, U+ v¥,u>+ v2<1
9. [fx?yzdS,
Sisthepart of the planez = 1 + 2x + 3y that lies above the
rectangle [0, 3] X [0, 2]

10. Hs Xz dS,

S isthe part of the plane 2x + 2y + z = 4 that liesin the first

octant

1. [, xds,
S isthe triangular region with vertices (1, 0, 0), (0, —2, 0),
and (0, 0, 4)

12. ([, yds,
Sisthesurfacez = 5(x¥? + y¥?),0<x<1,0<y<1
13. [f, x*zdS,
S isthe part of the cone z2 = x? + y? that lies between the
planesz = landz = 3

14. [,z dS,
Sisthesurfacex =y + 222, 0<sy<10<:<1

15. [,y ds,
S isthe part of the paraboloidy = x? + z? that liesinside the
cylinder x> + 2> =4

16. ([, y*dS,
S isthe part of the sphere x? + y? + z2 = 4 that lies
inside the cylinder x? + y? = 1 and above the xy-plane

17. [, (x*z + y?*z)dS,
Sisthe hemisphere x? + y? + z2 =4,z =0

18. [, xz dS,
S isthe boundary of the region enclosed by the cylinder
y>+ z2=9andtheplanesx = 0andx +y =5

19. ([, (z + x?y) dS,
S isthe part of the cylinder y? + z? = 1 that lies between the
planesx = 0 and x = 3in the first octant

20. ||, (x> + y* + z%)dS,
S isthe part of the cylinder x> + y? = 9 between the planes
z = 0and z = 2, together with its top and bottom disks

21-32 Evaluate the surface integral [f; F - dS for the given vector

field F and the oriented surface S. In other words, find the flux of F
across S. For closed surfaces, use the positive (outward) orientation.

21. F(x,y,z) = ze¥ i — 32V + xyk,
S isthe parallelogram of Exercise 5 with upward orientation

22,

23.

24.

25.

26.

21.

28.

29.

30.

31.

32.

SECTION 16.7 SURFACE INTEGRALS 1"M21
F(x,y,2) = zi +yj + xk,
S isthe helicoid of Exercise 7 with upward orientation

F(x,y,z) = xyi +yzj + zxk, Sisthe part of the
paraboloid z = 4 — x? — y? that lies above the square
0=x=10=<y=1, and has upward orientation

F(x,y,2) = —xi —yj + 2%k,
S isthe part of the conez = /x2 + y? between the planes
z = 1andz = 3 with downward orientation

F(x,y,2) = xi — zj + yKk,
S isthe part of the sphere x? + y? + z? = 4 in the first octant,
with orientation toward the origin

F(x,y,2) = xzi + xj + yk,
S isthe hemisphere x? + y? + z2 = 25,y = 0, oriented in the
direction of the positive y-axis

F(X,y,2) =yj — zKk,
S consists of the paraboloidy = x2 + z4, 0 <y < 1,
and thedisk x> + z2<1,y=1

F(x,y,z) = xyi + 4x?] + yzk, Sisthesurfacez = xe’,
0=<x=<1,0=<y =< 1, with upward orientation

F(x,y,z) = xi+ 2yj + 3zKk,
S isthe cube with vertices (=1, =1, +1)

F(x,y,z) = xi +yj + 5k, Sistheboundary of the region
enclosed by the cylinder x*> + z?> = 1 and the planesy = 0
andx +y=2

F(x,y,z) = x?i + y?j + z°k, S isthe boundary of the solid
haf-cylinder 0 <z<.1-y2,0sx<2

F(x,y,2) =yi+ (z—vy)j + xk,

S is the surface of the tetrahedron with vertices (0, 0, 0),
(1,0,0),(0,1,0),and (0,0, 1)

33.
34.

3.

CAS| 36.

37.

Evaluate [f, (x> + y? + z?)dS correct to four decimal places,
whereSisthesurfacez = xe¥, 0= x<1,0<y=< 1

Find the exact value of [, x?yz dS, where S is the surface
z=xy,0=sx=<10=<y=<1

Find the value of [[, x*y%?dS correct to four decimal places,
where S is the part of the paraboloid z = 3 — 2x? — y? that
lies above the xy-plane.

Find the flux of
F(X, Y, Z) = Sin(xyz)i + Xzyj + 2%/5k

across the part of the cylinder 4y? + z2 = 4 that lies above
the xy-plane and between the planes x = —2 and x = 2 with
upward orientation. Illustrate by using a computer algebra sys-
tem to draw the cylinder and the vector field on the same
screen.

Find aformulafor |f; F - dS similar to Formula 10 for the case
where S isgiven by y = h(x, z) and n is the unit normal that
points toward the left.
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